We propose a systematic procedure for extracting gauge invariant and gauge fixed actions for various higher-spin gauge field theories from covariant bosonic open string field theory. By identifying minimal gauge invariant part for the original free string field theory action, we explicitly construct a class of covariantly gauge fixed actions with BRST and anti-BRST invariance. By expanding the actions with respect to the level N of string states, the actions for various massive fields including higher-spin fields are systematically obtained. As illustrating examples, we explicitly investigate the level N ≤ 3 part and obtain the consistent actions for massive graviton field, massive 3rd rank symmetric tensor field, or antisymmetric field. We also investigate the tensionless limit of the actions and explicitly derive the gauge invariant and gauge fixed actions for general rank n symmetric and anti-symmetric tensor fields.
Introduction
Construction of various massive or massless higher spin gauge field theories have been attracted much interest [1] . It is not straightforward to construct a simple quadratic action for a given higher spin field with any spin or symmetry, not to mention the interaction part.
One of the several approaches to construct consistent higher spin field theories is the string field theory motivated approach [2, 3, 4, 5, 6, 7] since the theory contains infinite tower of massive fields provided by various types of higher rank tensor fields. However, though the spectrum of the string theory is well-understood from the viewpoint of first quantized worldsheet conformal field theory, complete structure of each field in terms of quantum field theory is not clear even at the quadratic level. Thus it is still not easy to extract simple quadratic actions for general higher spin fields from the string field theory.
For lower spin fields, the gauge invariant actions for vector field A µ or linearized graviton field h µν and the anti-symmetric tensor field B µν can easily be extracted from the massless part of quadratic open or closed string field theory. For higher spin fields, it is known that a class of massless gauge invariant action for a certain set of symmetric tensor fields of spin up to s, which is called the 'triplets,' is derived from the tensionless (α ′ → ∞) limit of bosonic string theory [2, 3, 4, 5] . For more general massive higher spin fields of mixed symmtery, however, it is rather technically involved to extract the corresponding simple and consistent actions from the string field theory since many such fields are intertwined with one another even in the quadratic level. One reason why these actions are complicated is that there exist a lot more degrees of freedom than required for constructing the consistent quadratic actions in the original string field theory, though those extra degrees of freedom are necessary for constructing consistent interacting string field theory.
All the information of string theory as a quantum field theory should in principle be included in the string field theory. For example, it has become evident that the covariant open bosonic string field theory [8, 9, 10, 11] indeed contains the non-perturbative information as well as the perturbative one [12, 13] . In particular, the covariant string field theory contains every fundamental properties of perturbative quantum field theory such as gauge invariance and the gauge fixing procedure from which propagators are derived. Up to the present, various types of gauges and the corresponding gauge fixed actions have been provided for bosonic string [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23] or superstring [24, 25, 26, 27, 28, 29, 30, 31] field theories. Among such a variety of gauges, we could choose appropriate ones in accordance with the purpose of investigation.
In this paper, we would like to give a systematic procedure for extracting gauge invariant and gauge fixed actions for various gauge field theories from covariant bosonic open string field theory by developing the discussion given in [18, 19] . In ref. [18] , it is shown that the quadratic action for open string field theory [8] is divided into two gauge invariant part: One is given by
where L 0 and 1 − P 0 are zero mode of Virasoro algebra and a certain projection operator respectively, and the other is the action for auxiliary fields without kinetic terms. The former action S F µν F µν , which is the well-known action for the gauge field A µ . For the higher level massive fields, we can also extract from S min inv. the minimal gauge invariant quadratic action without auxiliary fields. Thus the result should be useful for constructing gauge invariant actions of various massive higher spin fields: We can expect to obtain the simple gauge invariant actions for the corresponding fields without including redundant fields.
Furthermore, as for the gauge fixed action, we may expect that we can identify the minimal gauge fixed action part in the original gauge fixed action, which should correspond to the gauge fixed action for S min inv. . In fact, we shall explicitly construct such minimal gauge fixed action for the 'a-gauge,' given in ref. [18] . The a-gauge gives a one-parameter family of covariant gauges which include the Landau and the Feynman gauge which are well-known gauges for the massless vector gauge field. Thus the result should provide a useful tool for perturbative analysis of the various higher spin fields contained in string theory. Note that such systematic construction of gauge fixed actions for higher spin fields has not analyzed before. The gauge fixed action we obtain indeed has satisfactory properties for perturbative analysis: It is invariant under BRST and anti-BRST transformations and the propagators are systematically constructed from it. We also generalize the a-gauge to admit as many number of parameters as possible.
We explicitly see the structure of the minimal gauge invariant and gauge fixed action for lower level N ≤ 3. In particular, we find that the gauge invariant action for massive level N = 2 exactly coincides with that for weak massive graviton field with Fierz-Pauli mass term [32] in the Stückelberg formalism (e.g., [33] ). For N = 3, the action can be divided into the part which contains a rank 3 symmetric tensor field and the part which contains a rank 2 anti-symmetric tensor field.
We also discuss the tensionless limit of our minimal gauge invariant and gauge fixed actions by taking the leading terms in the α ′ → ∞ limit. The result for gauge invariant action exactly coincides with the one given in [2, 3] . We explicitly construct the gauge fixed action for the 'triplets,' which has the simple form similar to that for the vector field.
The organization of the paper is as follows. In the next section 2, we briefly review the structure of S min inv. and the a-gauge given in ref. [18] . After extending the a-gauge to admit multiple number of parameters, we construct the corresponding gauge fixed action
GF,{a} . Then in section 3, by performing suitable redefinitions of string fields, we extract the minimal gauge fixed action S min {α} from S (2) GF,{a} . After that, we identify BRST and anti-BRST transformations for S min {α} and explicitly construct the propagators. In section 4, we explicitly calculate the gauge invariant action S min inv. for the level N ≤ 3 and the gauge fixed action S min {α} for N = 1, 2 and investigate the structure of them. We also discuss the massless m → 0 limit of the actions. In section 5, we take the tensionless limit of our minimal gauge invariant and gauge fixed actions and explicitly construct the actions for general totally symmetric and anti-symmetric tensors. In the last section 6, we summarize the results and give some discussions. In Appendix A and B, we give useful formulas for string Fock space and the inner product necessary for understanding the gauge fixing and the actions.
In Appendix C, we construct another anti-BRST transformation which commutes with the BRST transformation given in section 3.
Generalized a-gauges for open string field theory
The quadratic action for covariant bosonic open string field theory is given by [8, 9, 10] 
Here, Q is the BRST operator 1 [34] and Φ 1 is the Grassmann-odd string field which is expanded by open string Fock states |f i 1 of ghost number 1 associated with the corresponding
is invariant under the gauge transformation
where Λ 0 is the Grassmann-even string field of ghost number 0. See Appendix A and B for detail of the action, inner product and the Fock space.
2
As we have shown in ref. [18] , the action S (2) is divided into two gauge invariant parts as
3)
Here, we have decomposed the string field Φ 1 and the BRST operator Q with respect to the ghost zero modes as
belong to the space F 0 and F −1 defined by (A.2) and b 0 φ (0) = b 0 ω (−1) = 0. The operator W n which is defined on the space F n is given by
The projection operator P 0 , which is defined on F 0 , is explicitly defined by
and it satisfies the relation (1 − P 0 )Q =Q(1 − P 0 ) = 0. From the properties of P 0 , we see that the action S min inv. is invariant under the transformation
where
is given by
The operators M and M − , which are given by (2.6), with M z ≡ 1 2 n>0 (c −n b n − b −n c n ) constitute the SU(1,1) algebra. Note that 2M z counts the ghost number of non-zero mode part for b n and c n . All states in the space F n are classified by the SU(1,1)-spin s with
is the set of non-negative integers [18] . Since (1 − P 0 )|f = 0 2 Also, see, e.g., ref. [35] for generalities of string field theory.
for an SU(1, 1)-spin > 0 state |f ∈ F 0 , we can show that only the SU(1,1)-spin = 0 string fields, which can be specified by the condition Returning to the original quadratic action S (2) , we briefly review the gauge fixing condition (a-gauge) proposed in refs. [18, 19] and after that we generalize the condition to admit multiple parameters. The a-gauge fixing condition is defined by imposing on Φ 1 (=
where a is a real parameter satisfying a = 1 including |a| = ∞. Then the gauge fixed action is given by
where Φ n and B n are Grassmann odd string fields of ghost number n. The operator O n a is defined by
where bpz(O n a ) is the BPZ conjugation of O n a and operates on ghost number −n + 4 string fields Φ −n+4 . The operator P n is the projection operator defined for a state |f 
for n ≥ 2. For convenience of extracting the minimal gauge fixed action from the original action (2.11), we use the second definition (2.14). In fact, the gauge-fixed action for |a| → ∞ can be consistently obtained by taking the limit of the action for finite a.
Furthermore, we can generalize the gauge fixing condition by replacing O a with O {a} as
for n ≥ 2, (2.15)
where each a k n ( = 1) is an independent parameter and S k is the projection operator onto the space of the SU(1,1)-spin k states. The explicit form of S k is given in Appendix A. We can easily show that the gauge fixing condition given by these generalized operators O {a} give the consistent gauge fixed action S (2) GF,{a} which is obtained by replacing O a with O {a} in S (2) GF,a . In ref. [18] , we have shown that the action (2.11) for level N = 1 part reduces to the wellknown action for massless vector field A µ plus decoupled auxiliary field terms after certain field redefinitions:
Here,
The first line of this action, which includes ghost and anti-ghost fields (γ andγ), and Nakanishi-Lautrup field B, has exactly the same form as the known covariantly gauge-fixed action for the original gauge invariant action
In particular, α = 1 (a = 0) and α = 0 (a = ∞) respectively correspond to Feynman and Landau gauges. On the other hand, the three terms in the second line in (2.17) are auxiliary terms completely decoupled from other fields. In fact, as we will explicitly see in the next section, the gauge invariant action (2.18) is nothing but the level N = 1 part of the minimal gauge invariant action S 
Minimal gauge fixed action for open string fields
In this section, by performing suitable redefinitions of string fields, we will show that the gauge fixed action given in the previous section can be consistently divided into three parts S
GF,{a} = S min inv. +S gh+gf,{α} +S ′ auxiliary where the first two parts are regarded as the gauge fixed action for the minimal gauge invariant action S min inv. , and the third part is for the auxiliary fields decoupling from the other two parts. We will show that the action S min GF,{a} = S min inv. +S gh+gf,{α} without S ′ auxiliary is indeed a consistent gauge fixed action which is invariant under BRST and anti-BRST transformations in itself, and from which the propagator is explicitly calculated.
Minimal gauge invariant and gauge fixed actions
We divide the string fields Φ n and B n by ghost zero-modes as
Here φ (n) , ω (n) and β (n) are the string fields consist of states in the space F n . Note that here we drop β (n−1) part in B n which does not appear in the action S
GF , {a} because of the property
and
By using these new string fields, the action S
GF,{a} can be rewritten as the sum of three independent terms
where S min inv. is given by (2.3), S gh+gf,{α} is for φ ′ (n) (n = 0) and β ′ (n) , and S ′ auxiliary is for ω ′ (n) .
Explicitly, S gh+gf,{α} and S ′ auxiliary are given by
Here we have used the new representations of the parameters given by
For future convenience, we also define
In summary, the combination
is consistently regarded as a minimal gauge fixed action for the gauge invariant action S min inv.
without S ′ auxiliary part. This action S min {α} only contains φ (n) ∈ F n and β (n) ∈F n string fields whereas the original action S
GF,{a} contains all φ (n) , ω (n) and β (n) . HereF n is given bỹ
In the next two subsections, we will investigate the consistency of the minimal gauge fixed action S min {α} by identifying the BRST and anti-BRST invariance and deriving the general form of the propagators for fields contained in the action S min {α} .
BRST and anti-BRST symmetry
We first rewrite the gauge fixed action S min {α} , which is given by the sum of (2.3) and (3.9), into the form 15) or in the matrix form as
Here and in the following, we omit the ′ signs on φ (n) and β (n) . We have also used the new
The structure of the action S part of φ (1) and φ (−1) respectively for anti-ghost and ghost fields. Then, we need SU(1,1)-spin = 1 part of β (2) and β (0) for gauge fixing, and the same part of φ (±2) and
The gauge fixed action S min {α} remains no gauge invariance, but is invariant under the following two types of transformations:
where η and η ′ are Grassmann odd parameters. We can regard these two transformations δ B and δ ′ B as the BRST and the anti-BRST transformations. Indeed, these transformations have the nilpotency property:
Note that δ B and δ ′ B do not commute with each other in general. In fact, we can deform δ ′ B
(or δ B ) by including the transformations of the form δ
without destroying the nilpotency property. In Appendix C, we explicitly show that we can find another anti-BRST transformationδ 
Propagator
Now we explicitly calculate the propagator for the action S min {α} . To find the inverse of the matrix in the action (3.16), we consider the following equation
T . This can be solved by using the relations
and some other properties given in the Appendix A. The result is 31) and the propagator between φ (n) and φ (−n) is given by ∆ n (or ∆ −n ). This ∆ n is the operator acting on string states. To extract the usual c-number propagator between the two fields A(p) and A ′ (p ′ ), we first provide the string fields corresponding to each of the fields as
If |f A (p) and |f A ′ (p ′ ) belong to φ (n) and φ (−n) respectively, the c-number propagator
is given by calculating the inner product for the corresponding string states after removing the δ-function for p + p ′ . Explicitly, the result is given as follows:
4 Examples: gauge invariant and gauge-fixed actions for level N ≤ 3
We have seen that the action S 
and β (1) . Thus the action has the form
where the first line is the gauge invariant action part. Note that we have only one parameter
(1,1) ) since φ (0) and β (1) have SU(1,1)-spin = 0 and 1/2 respectively.
For N = 1, the string field φ (0) contains only the massless vector field A µ :
and the gauge invariant action S min inv.,N =1 is obtained after calculating the inner product as 4) which is written in the x-representation as
The other fields in the gauge fixed action S min {α},N =1 are given by
where B is Grassmann even field and γ andγ are Grassmann odd fields. The Grassmann parity of each field is determined so that the total Grassmann parity of φ (n) and β (n) are odd and even respectively. On the other hand, existence or non-existence of i in the expansion is determined by Hermitian property of the corresponding string fields [18] : For the field φ f (p) associated with a state |f in
By substituting these string fields into (4.2) and calculating the inner product, we obtain the action
The action in x-representation is given by The BRST and the anti-BRST transformations given by (3.18)∼(3.23) are reduced to the well-known form as
where we have rescaled the Grassmann odd parameters as
In this level N = 1, [δ B , δ
′ B ] = 0 holds. The propagator for A µ and A ν is calculated by substituting (4.3) into (3.33) and as a result we obtain the usual form for covariant gauge we will see that after we eliminate all string states by calculating the inner products, the action can be consistently extended to any spacetime dimension D.
In this level N = 2, non-trivial string fields appearing in S min {α},N =2 are given as follows:
Here, the symmetric tensor field h µν (= h (µν) ), the vector field g µ and the scalar field φ are Grassmann even fields that constitute the gauge invariant action. The remaining B µ and B are Grassmann even fields which correspond to the generalized Nakanishi-Lautrup fields, andγ µ ,γ, γ µ and γ are Grassmann odd fields. Hereγ µ andγ are anti-ghost fields, and γ µ and γ are ghost fields. After eliminating string states by calculating inner products by substituting φ
N =2 into (4.2), we obtain the gauge invariant action as
where h = h µ µ . This action is invariant under the gauge transformations derived from (2.7):
for arbitrary Grassmann even fields λ µ (p) and λ(p). Here the parenthesis of indices denotes the symmetrization.
In order to separate the two types of gauge transformations concerning λ µ (p) and λ(p) as much as possible and to make the action simpler, we define h 
Then the gauge invariant action and the gauge invariance in x-representation can be recast into the following simpler form
Here, 27) and 28) which is the quadratic order of the Einstein action for the metric g terms. This means that such additional fields are already consistently included in the string field theory. In fact, the action (4.23) exactly coincides with that for the massive graviton field with Fierz-Pauli mass term [32] in the Stückelberg formalism [33] .
We can obtain the (anti-)ghosts and the gauge fixing terms for the gauge invariant action
inv. by substituting φ 
N =2 into the second line of (4.2). The result is
where α is a parameter. Then the total gauge fixed action is given by the sum S
gh+gf, α . Again, the BRST and the anti-BRST transformations for this action are calculated by (3.18)∼(3.23) and the result is
where we only present the fields which yield non-zero values. As for the case of N = 1,
= 0 also holds in this level N = 2. Next, we consider the massless limit of the action S
gh+gf, α . In this limit, the gauge invariant action S N =2 inv. becomes
and the gauge transformations given by (4.24)∼(4.26) are reduced to
The scalar field φ ′ can be decoupled from other fields by redefining h
Then the action is rewritten as
which is the sum of the actions for (weak) graviton field, vector field and the scalar field.
The gauge transformations remain the same form as (4.33) after the redefinition of h ′ µν . The (anti-)ghosts and gauge fixing terms S N =2 gh+gf, α in the m → 0 limit is given after the redefinition of h
Here, the first line and the second line are (anti-)ghost and gauge fixing terms for h ′ µν and g µ respectively.
Gauge invariant action for massive symmetric tensor field A µνρ
and anti-symmetric tensor field B µν (N = 3)
For the next level N = 3, we only consider the gauge invariant action. The string field φ expanded by the N = 3 string states is given as follows: inv. consists of a 3rd rank symmetric tensor field A µνρ , symmetric and anti-symmetric 2nd rank tensor fields h (µν) and B [µν] , two vector fields D µ and C µ , and a scalar field φ s=0 .
The resulting action and the gauge transformations in terms of the above original fields are complicated. However, it can be expressed in a slightly simpler form if we perform the following field redefinitions:
42)
where h = h µ µ and the summation is taken in D = 26 dimensional spacetime indices. In terms of these new fields with primes, the action is divided into two independent parts is expressed as
where m = 2/α ′ and we have omitted the prime ′ on each field defined by (4.38)∼(4.41).
This action is invariant under the gauge transformations
where λ µν and λ µ are symmetric tensor field and vector field respectively. Note that this action in the form (4.45) is consistently applied for spacetime with any dimension D. As we will see below, h µν and φ decouple from A µνρ and D µ in the massless limit. Thus h µν and φ might be regarded as the Stückelberg-type fields needed for maintaining the gauge invariance of the massless part of the action after giving the mass for the fields A µνρ and D µ . However, unlike the Stückelberg action for vector field or weak graviton field, the gauge transformation for one of the original fields D µ is modified if we introduce the non-zero mass m as can be seen in (4.48 ). This fact is one reason why the action (4.45) has a rather complicated form.
The massless limit of the action S N =3,S inv.
is obtained by taking the limit m → 0 of (4.45).
The resulting action S N =3,S inv.,m→0 is simplified after the following redefinition of h µν and φ:
where D is the spacetime dimension. The action is divided into three parts 
which is invariant under the gauge transformations
We further perform the following field redefinitions
If we choose the parameter e = (−1 ± √ 1 + D)/D, the action (4.53) and the gauge transformations (4.54) become the following form: for the anti-symmetric tensor field B µν and the vector field C µ of (4.42) and (4.43) is calculated as
where m = 2/α ′ and H µνρ = ∂ µ B νρ + ∂ ν B ρµ + ∂ ρ B µν . We see that the vector C µ is the Stückelberg field. The gauge transformations for B [µν] and C µ are given by
whereλ µ andλ are arbitrary vector and scalar fields respectively.
In the massless limit m → 0, the action becomes
with the field strength H µν = ∂ µ C ν −∂ ν C µ for C µ . This is the sum of the actions for massless anti-symmetric field B µν and the massless vector field C µ . As is expected, the two parts are separately invariant under the transformations . The other fields, φ (±2) and SU(1,1)-spin = 1 part of φ (0) and a part of φ (±1) and β (1) , are used for the gauge fixed action for S N =3,A inv.
, which means that there appear (anti-)ghost for (anti-)ghost fields as well as (anti-)ghost fields in the latter action.
Tensionless limit
We consider the tensionless limit of the minimal gauge invariant action S min inv. and the gauge fixed action S min {α} . The limit can be consistently obtained by taking the α ′ → ∞ limit of the operatorsQ and P n appearing in the actions. In the limit,Q becomes
and thus P n becomes
Thus, the gauge invariant action in the limit becomes
where we have rescaled
. This action is invariant under the gauge transformation
Note that the action S min inv.,α ′ →∞ with the gauge invariance can be applied for any D dimensional spacetime since the relationQ ′2 = − 
where φ (0) | s=0 is the SU(1,1)-spin = 0 part of φ (0) . This form of the action exactly coincides with the gauge invariant action proposed in refs. [2, 3] .
On the other hand, the gauge fixed action (3.15) in the α ′ → ∞ limit becomes
As for the gauge invariant action, this action is consistent for any spacetime dimension D. This action is invariant under the BRST and the anti-BRST transformations
which are given by the α ′ → ∞ limit of (3.18)∼(3.23). Also, the propagator is consistently given by the α ′ → ∞ limit of (3.27) as
These S min inv.,α ′ →∞ and S min {α}, α ′ →∞ are the sum of the actions for various massless fields of various integer spin or symmetry. Each of these actions can be obtained by restricting φ (0) (or φ (n) for the gauge fixed action) to the set of fields which is decoupled from the other fields in the action. For example, if we take
for an arbitrary positive integer n (including n = 1 with D = 0), the part of the action which contains φ (0) n,sym is completely decoupled from other fields in the action S min inv.,α ′ →∞ . In fact, by substituting φ (0) n,sym into (5.4), we obtain
The gauge transformations for this action is obtained by substituting
into (5.5) and the result in the x-representation is
This action coincides with the 'triplet' action investigated in refs. [4, 5] . Unlike the action given in refs. [4, 5] which consists of the triplet of rank n, n − 1 and n − 2 symmetric tensor fields, our action (5.16) rather consists of a 'doublet' of rank n and n − 2 symmetric tensor fields and does not contain the auxiliary rank n − 1 symmetric tensor from the beginning. This is because all the auxiliary string fields has been eliminated from our minimal action in advance.
As for the (anti-)ghost and the gauge fixing terms for (5.16), we need the following set of string fields:
Here γ andγ are ghost and anti-ghost fields respectively, and β is the Lagrange multiplier field needed for fixing the gauge symmetry. Note that φ (±n) for n ≥ 2 do not couple to the above fields and (anti-)ghost for (anti-)ghost fields do not appear. Then the (anti-)ghost and gauge fixing terms are calculated by substituting φ
n,sym and β
n,sym into
n,sym , c 0 W 1 β
(1) n,sym (5.22) and the result is
Here, α is a real parameter. The total gauge fixed action
given by the sum of (5.16) and (5.23) is the generalization of the gauge fixed action for vector field A µ . In fact, for n = 1, the action is reduced to the level N = 1 action given in (4.10).
Note also that the action S n,sym α, α ′ →∞ for the particular value of α = 0 and α = 1 correspond to the generalization of the Landau gauge and the Feynman gauge respectively. The BRST and anti-BRST transformations for S n,sym α, α ′ →∞ are respectively given by
These transformations are reduced to (4.11) and (4.12) for n = 1.
We can also extract gauge invariant action for rank n antisymmetric tensor field B µ 1 µ 2 ···µn (= 
where ℓ k (k = 1, · · · , n) are arbitrary integers which differ from one another, i.e., ℓ k = ℓ j for k = j. Then the gauge invariant action is calculated by substituting φ (0) n,antisym | s=0 into (5.4) and the result in the x-representation takes the following expected form
where H µ 1 µ 2 ···µ n+1 is the field strength for B µ 1 ···µn given by n,antisym | s=
where the oscillators on hat symbol are to be replaced by 1. Explicitly, the gauge transfor-
is reduced again to the expected form
The gauge fixed action for general rank n antisymmetric tensor field B µ 1 ···µn is rather complicated because we need up to n-th rank of (anti-)ghost fields with the Lagrange multiplier fields given by β (m) in order to fix the gauge invariance completely. More precisely, to fix the original gauge invariance, we need SU(1,1)-spin = part of φ (±1) and β (1) . Then to fix the remaining gauge invariance, we next need SU(1,1)-spin = 1 part of φ (±2) , φ (0) , β (0) and β (2) .
In total, we need SU(1,
Other than the totally symmetric or anti-symmetric tensor fields discussed above, the general action (5.7) contains gauge invariant and gauge fixed actions for general massless fields of various mixed symmetry.
Summary and discussions
We have investigated the minimal gauge invariant action S min inv. which is extracted from the quadratic part of the original covariant open bosonic string field theory and have succeeded in constructing a family of the corresponding gauge fixed action S min {α} which is parametrized by infinite number of real parameters α k (−n,n+2) . The action S min {α} is invariant under BRST and anti-BRST transformations and from which propagators are systematically obtained. We have found that our result could be used as a powerful tool for constructing gauge invariant and gauge fixed actions for any type of quantum fields as long as they are included in the spectrum of bosonic string theory. These actions have sufficiently general and simple form.
As an example, we have investigated the actions for lower level (N ≤ 3) string fields. We have found the complete gauge fixed action for weak massive graviton field h µν with g µ and φ from N = 2 part, and the gauge invariant action for massive 3rd rank symmetric tensor field A µνρ with lower rank tensor fields and the antisymmetric tensor field B [µν] with a vector field from N = 3 part.
We have also investigated the tensionless limit of the gauge invariant and gauge fixed actions, S min inv.,α ′ →∞ and S min {α},α ′ →∞ , which describe the actions for various massless fields. Among them, in particular, we have identified the n-th rank totally symmetric tensor field part and anti-symmetric tensor field part. Other than these particular parts, it should be possible to identify and classify the actions for massless fields represented by tensor fields which have general mixed symmetry.
As for the massive fields, actions for general mixed symmetric tensor fields should also be extracted from S min inv. and S min {α} . In this case, the classification of the actions would be more complicated than the case of massless fields given by the tensionless limit. For one thing, for higher level N, the number of fields increases explosively and the actions for the corresponding fields become complicated since the operatorQ appearing in the action mixes various types of tensor fields in general. Also, to maintain the gauge invariance of higher rank tensor fields appearing in the higher level string fields, we need a number of generally lower rank Stückelberg-like fields in addition, except for totally anti-symmetric field in which case we already know how to introduce the Stückelberg-like fields. Thus, gauge invariant actions for general mixed symmetric tensor fields should be formed of a number of types of fields. It would be interesting if we could classify all the massive gauge invariant actions with respect to the symmetry and could find a rule how Stückelberg-like fields appear for a given set of fields which are gauge invariant in the massless limit.
Our actions only contain bosonic fields in flat spacetime since we start from the bosonic string field theory. To consider the extension of the actions to contain fermionic fields is one of the important future directions. This would be accomplished by investigating the superstring field theory. If we only aim at obtaining the quadratic actions for various fermionic fields at the moment, we may be avoid the many known difficulties concerning interaction part.
Extension of our results to the curved spacetime, especially to AdS spacetime which is important in studying the theory in terms of AdS/CFT correspondence, is another direction.
We may be able to extend our minimal actions to some curved spacetimes only by extending the commutation relations for oscillators, though the extension of the original string field theory to curved spacetime is difficult.
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with n a > 0, l a > 0, m a > 0, and j − k = n. Note that the level N of the state is given by
n , c n and b n (n > 0). We set the ghost number of | ↓ (= c 1 |0 ) to be 1. Then the states in F n and c 0 F n have ghost number n + 1 and n + 2 respectively. All states in the space On the space F n , two types of projection operator are defined. One is P n defined on F n given by
for n ≥ 0, which can be written in together by using the operatorW n − given in (3.17) as
Note that P ±n is well-defined only for the states with L 0 (= α ′ p 2 + N − 1) = 0 [18] . The other is the operator S k which extracts the SU(1,1)-spin = k part from a given state |f . For a state |f ±n ∈ F ±n (n ≥ 0), S k is explicitly given by
(on F n ) (A.5)
for k ∈ { n 2 + Z Z Z ≥0 } and S k = 0 for otherwise. From the properties M n W n |f (n) = |f (n) and W n M n |f (−n) = |f (−n) , we can easily verify the relation S k 2 = S k . Also, the following relations hold:
The inner product of two different spin states, e.g., S k |f ∈ F n and S k |g ∈ F −n , is always 
